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1.

(a)

Let f,h: R?® — R be C! functions. Let V be the convex closed tetrahedron
of R? with vertices 0 = (0,0,0), A = (a,0,0), B = (0,b,0) and C = (0,0, ¢)
wherea >0, b >0, ¢ > 0. Let F = (f,0,0) Or (0,0, ). Let S be the boundary

of V, with outward normal orientation n. Show that [[ F = [[[ div F.
~ g~ v ~
[6]

Let h : R® — R be any C! function. Let S be any bounded smooth surface
in R3 with n, unit normal C! family for S. Let F = hn on S. Define [[ h=

(S.n)
ff hn Let@Z)represent S i.e., G is an open set in R? w G — R?is C! ¢
1s1—1andz/1( )=25. Show that [ [ h= [ [ h(y(u,v)) || ¢ xw Hdudv
~ (S,Q) G ~ ~u
[1]

Let f,g : R® — R be C? functions. Let V, S, n be as in previous parts. Define
h:R*— Rby h = a — gan. Let A be the Laplacian on R? given by

A=Z+5+4 Showthat(sff)h:fvff (fAg—gAf). [10]

Two C? functions u,v : Q — R,where  an open set in R? are said to be

harmonic conjugates if g—“ = g—” and % = —%. Let C be any circle given by
T y 1y T
C={(z—a)*+ (y—0)* =r?}. Assume that {(z —a)?*+ (y —0)* <r’*} C Q.
Show that [ udx —vdy =0= [ vdz + udy 2]
c c
Let f,g: R*> — R be given by f(z,y) = e“cosy, g(z,y) = e“siny with C as
in part (a), find [ fdz — gdy and [ gdz + fdy 2]
c c

Let P,Q : R* —{(0,0)} — R be given by P(z,y) = 77 Q@,y) = =

Show that

i) [ Pde+Qdy#0 1]
2+y2 1

(i) Show that 99 _ 92 — () on R? — {(0,0)} 1]

(iii) Is there a contradlctlon between Greens theorem and (i)+(ii)?. Justify

your answer. 2]

3. Let F(z,y,2) = (y* zy,xz). Let S be the portion of the ellipsoid ﬁ—z + g—; + i—j =1

above the plane z = . Here ¢ >0, b >0, ¢ > 0. Find [/ curl F. 4]
g ~



4. Calculate [[ e*t¥ dx dy
H

where H is the parallelogram with vertices at (1, 1), (3,2),(4,5),(2,4) [5]

5. Letn>2,a1 >0, ap >0,---a, > 0. Let

Slar, as, - an) = {(y, 92, ya) : | 2] + |22 < Lforeachi=1,2,---n—1}
a a

Calculate Ik dy [5]
S(a1, a2, -an)

6. (a) Let fi, fo, -+, fu, - be a sequence of real valued C! functions on [a,b]. Let

h,g : [a,b] — R be continuous functions. If f, — ¢ and f, — h uniformly

on [a, b], then show that g is differentiable and ¢’ = h. 3]

(b) Let f(t,z) = Y. an e ™ sin(nz) for ¢ > 0, z in R. Here aj,as, -+ is a
=1

bounded sequenge of real numbers. Formally you can verify that

0% f 0?
— (t,x) = ——== [(t,x
5z (L1) =55 f(t.2)
Prove it rigorously by stating a theorem similar to Weirstrass M-test. [7]
7. (a) State implicit function theorem. 2]

(b) Let f: R* — Rbegiven by f(x,y) = 2?+y? and C = {f = 1}. Clearly(1,0) €
C. Show that there does not exist § > 0 and a C! function g : (10, 14+6) — R
such that ¢g(1) =0, (z,g(x)) € C for all z in (1 -6, 1+9). 2]

(c) Is there a contradiction between (a) and (b)?. Justify your answer. 1]



